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We report on the critical properties of minimaly-polydisperse crystals, hexagonal in 2d and face-
centered cubic in 3 dimensions, at the isostatic jamming point. The force and gap distributions
display power-law tails for small values. The vibrational density of states (VDOS) is flat. The
scaling behavior of forces of extended floppy modes and the VDOS are universal and in agreement
with an infinite-dimensional mean-field theory and maximally amorphous packings down to 2 di-
mensions. The distributions of gaps and forces of localized floppy modes of near-crystals appear
non-universal. A small fraction of normal modes exhibit partial localization at low frequency. The
majority of normal modes is delocalized exhibiting a characteristic inverse participation ratio scal-
ing with frequency. The packing fraction and order at jamming decay linearly and quadratically
respectively with polydispersity down to the maximally amorphous state.
Introduction: Jamming, prototypically, concerns the
problem where a number of particles must fit in a cer-
tain volume, touch minimally without overlapping, and
be globally rigid. At the jamming critical point there is
no way to improve space coverage without violating at
least one of the non-overlap constraints while one con-
tact less makes the system loose. It represents a model
for the rigidity transition of athermal matter [1–4].
Jamming criticality has been found in continuous con-
straint satisfaction problems (CCSP) such as the single
layer perceptron [5, 6] and multilayer supervised learn-
ing models [7] ([8]). A transition point separates a SAT
phase where all constraints are satisfied, from an unsat-
isfiable (UNSAT) phase. At the isostatic SAT-UNSAT
point all variables are exactly constrained with the num-
ber of constraints equal to the number of variables.
At the packing jamming point the inter-particle con-
tact network is isostatic as it can maintain mechanical
equilibrium marginally. Randomness is necessary for iso-
staticity [9] to arise, since the crystal is also a pack-
ing solution of the jamming CCSP at a higher pack-
ing fraction [10] than the maximally random jammed
state [3, 11–14].
Jamming has been recently connected with hard sphere
glasses through a microscopic mean field theory (MFT)
in the limit of infinite dimension [15, 16]. At infinite
pressure a line of jamming points bounds the marginal
glass phase, a.k.a. Gardner phase, where all levels of
Replica Symmetry are broken (fullRSB) and the energy
landscape is fractal.
Packings at the jamming line exhibit criticality with
anomalous scaling exponents for the force and gap dis-
tribution [15, 17–23], flat vibrational density of states
(VDOS) [5, 24] and characteristic normal modes that
can exhibit quasi-localization [25, 26]. Even though the
problem is out of equilibrium where preparation proto-
col matters strongly [4, 17] a jamming universality has
emerged [15, 16] with an apparent very low upper critical
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FIG. 1. Visualization of a 2d HEX packing of N = 256
particles at an isostatic energy minimum for polydispersity
s = 0.01. ϕ ≈ 0.89801 ≈ ϕiso ≈ 0.990ϕcp. The force network
ofNc = 473 ≡ Nc,iso contacts is shown. TheNr = 19 “lighter”
particles are rattlers and experience zero force. All other par-
ticles bare at least 3 (= d + 1) forces, some through the pe-
riodic boundary conditions. The magnitude of the forces is
proportionally coded in the width of the vectors. Since the
force distribution is power-law the smallest forces are shown
equal so that they may be visible. (All symbols are defined
in the text.)
dimension: critical exponents in computer experiments
are the same down to d = 2 [23].
Monodisperse or polydisperse packings have been
brought towards a jammed state with crystalline or-
der either through energy minimization schemes of soft
spheres [27–30] or as hard spheres with molecular dy-
namics [3, 11] and linear programming optimization pro-
tocols [12, 13].
For the highly symmetric soft sphere crystals such as
the hexagonal lattice (HEX) in 2d and the face-centered
cubic (FCC) lattice in 3d with continuous polydispersity
ar
X
iv
:2
00
6.
07
37
3v
1 
 [c
on
d-
ma
t.s
of
t] 
 12
 Ju
n 2
02
0
2FIG. 2. Cumulative distribution of inter-particle forces that
are related to an extended dipolar floppy mode for isostatic
jammed near-crystals. For all polydispersities they exhibit
power-law tails at small forces that scale as the mean-field
solution of 1 + θMFext = 1 + 0.42311 (continuous line).
there is evidence of a phase of disordered crystals above
the closed-packed density [29]. Some of the mechanical
properties of disordered crystals approaching jamming,
such as deformation moduli and contact number, exhibit
numerical measurable scaling [29] that appears quali-
tatively consistent with an infinite-dimensional fullRSB
model [31].
In this Letter we measure the critical jamming prop-
erties of slightly polydisperse crystals that correspond
to the maximum-packing-fraction periodic structures in
2d and 3d, namely HEX and FCC [32]. At their iso-
static mechanical equilibrium these highly ordered near-
crystals are described by characteristic scaling exponents
and functions, a subset of which are in agreement with
the corresponding quantities of amorphous packings in
d ≥ 2 [23] and the amorphous (d = ∞) MFT descrip-
tion [15, 16]. Another subset of exponents and exponent
relations, however, do not appear to be classifiable under
the known amoprhous jamming universality.
Methodology: We arrange N particles in a crystal
structure in a commensurate cell [32] with periodic
boundary conditions (PBC). The particles interact via
a soft harmonic potential only when they are in contact,
V =
∑
〈ij〉 κ(|~ri − ~rj | − σij)2Θ(σij − |~ri − ~rj |), ~ri is the
coordinate vector of particle i, σij is the average diam-
eter of particles i and j, κ is a stiffness and Θ the step
function. We introduce a small amount of polydispersity
s by multiplying each diameter with a random number
drawn from a lognormal distribution with unit mean and
standard deviation s. Starting from a very high initial
packing fraction [32], ϕ0 = 0.99, we proceed to minimize
the energy V of the packing and shrink the radii of the
FIG. 3. Cumulative distribution of forces between particles
that correspond to localized dipolar floppy modes for near-
crystals at isostaticity. For small forces they have power-law
tails with scaling exponents that increase with polydispersity
reaching the MF value of 1 + θMF`oc = 1 + 0.17462 (continuous
line) at maximum amorphisation.
particles in successive steps. The energy minimizations
are performed with FIRE [33] on GPGPUs [34]. As the
packing fraction is decreased a small number, Nr, of par-
ticles called rattlers abandon the force network and are
excluded from the analysis. The remaining N ′ = N −Nr
particles are usually a few percent less than N . The min-
imum number of contacts (constraints) Nc needed for the
packing of N ′ particles to be rigid is Nc,iso ≡ (N ′−1)d+1
in PBC. At the initial packing fraction, ϕ0, the system is
over-constrained, Nc > Nc,iso. We follow the above pro-
cedure until the number of contacts satisfies the isostatic-
ity condition, Nc = Nc,iso at packing fraction ϕiso. For
harmonic spheres V ∝ (ϕ−ϕJ)2 [23] which we fit to our
sequence to get the packing fraction ϕJ at the jamming
point (more details in [23] and Supplementary Material
in there). In Fig. 1 and Fig. S1, S2 in the Supplemen-
tary Material (SM) [32] we show examples of isostatic
HEX and FCC near-crystals where for smaller polydis-
pesities the near-crystals appear more crystalline. For
polydispersity down to s ≈ 10−4 our packings can reach
isostaticity, enough computational effort afforded, even-
though we may need to proceed with very small steps ∆ϕ
of packing fraction as ϕ→ ϕiso. For HEX(FCC) crystals
in 2d(3d) we average over Nsystems = 9(18) different runs
of N = 4096(2048) particles in each run.
Near-Crystal Jamming Properties: We calculate the
inter-particle forces of the packing at the isostatic jam-
ming point following the S-matrix construction (more de-
tails in [23] and Supplementary Material in there). The
S-matrix is a matrix of contact unit vectors between the
particles that are touching and it has dimensions of the
3FIG. 4. Cumulative distribution of inter-particle gaps, i.e.
the distances between neighboring non-touching particles for
isostatic jammed near-crystals. The scaling exponent of the
power-law small-value tails decreases with increasing polydis-
persity reaching the MFT value of 1 − γMF = 1 − 0.41269
(continuous line) at maximum amorphisation. The probabil-
ity distribution of the same data is shown in Fig. S5.
Nc contacts by the N
′d number of degrees of freedom.
The symmetric matrix N = SST at isostaticity has a
unique zero eigenvalue whose corresponding eigenvector
contains the magnitudes of the inter-particle forces which
comprise the random force network at mechanical equi-
librium.
The distributions of the force magnitudes exhibit
power-law tails at small values (Eqs. 1, 2) a feature also
seen in maximally amorphous packings [6, 15, 18, 21, 23,
35]. In Fig. 1 and Fig. S1 in SM [32] one can see that
the force network of isostatic near-crystals is disordered
even though the underlying structure may be highly or-
dered. We use the dipolar floppy modes [36] to sepa-
rate the forces between those whose contact is related to
an extended as opposed to a localized dipolar excitation
(more details in [23, 30] and Supplementary Material in
there). An infinitesimal opening of a contact with a force
dipole will induce an elementary excitation in the pack-
ing, which, if all other contacts stay the same, will not
change the energy of the system. Such a dipolar floppy
mode is termed extended (localized) if a large (small)
fraction of particles moves appreciably [36]. In Fig. S3 we
plot the distribution of the median over the mean of par-
ticle displacements, δ~r, of the dipolar floppy mode of each
contact [32]. Localized (Extended) forces correspond to
dipolar floppy modes with median{|δri|}/mean{|δri|} be-
low (above) a threshold value (see Fig. S3) and their cu-
mulative distribution is shown in Fig. 2 and Fig. 3. (The
non-buckler vs buckler characterization of forces as in
maximally amorphous packings [23] gives similar results,
shown in Fig. S4 in SM [32].) The distributions of ex-
tended forces, Fig. 2, in minimally disordered crystals
for all s and both d = 2, 3 are in agreement with the
d = ∞ MFT result [15, 16]. However an exponent that
decreases with decreasing polydispersity is revealed for
the localized-force distributions, Fig. 3, which tends to
the MFT values for high enough amorphisation.
The distribution of the gaps, h = rij/σij − 1, between
neighboring but non-touching particles, is power-law for
minimally disordered crystals at jamming as in maxi-
mally amorphous systems (Eq. 3). The scaling exponent,
γ, for small gaps increases with polydispersity in near-
crystals (Fig. 4 and S5) tending to the MFT value [15–
17, 21–23] of amorphous jamming at high polydispersity.
C(f(ext)) ∼ f1+θext(ext) (1)
C(f(`oc)) ∼ f1+θ`oc(`oc) (2)
C(h) ∼ h1−γ . (3)
The exponent relations that signify mechanical stabil-
ity for amorphous solids, 1/(2 + θext) ≤ γ and 1− θ`oc ≤
2γ [6, 15, 20, 21, 36], are violated for isostatic disor-
dered crystals. It seems that the long-range structural
correlations may need to be taken into account in a new
set of inequalities for the marginal mechanical stability
of jammed near-crystals [30].
The Hessian is the matrix of curvature in configura-
tional space at the isostatic energy minima (inherent
structures) that our packings arrive. In general it can
be calculated in Euclidean space as the matrix of second
spatial derivatives of the potential energy of the packing
Hij =
∂V 2
∂xi∂xj
= (STS)ij . (4)
At the jamming point the Hessian can be expressed
through the S-matrix of contact vectors which is com-
monly called a geometric construction and is identical
to the above expression at isostaticity for the harmonic
interaction. The eigenvalues λ and eigenvectors ~u(λ) of
H give us the frequency ω =
√
λ and normal modes of
the packing [5, 24, 26, 37]. The d zero-frequency modes
correspond to the trivial global translations of the pack-
ing and are ignored in this analysis. The density of vi-
brational states for the near-crystal packing appear flat
(Fig. 5) in both d = 2, 3 and clearly distinct from Debye
D(ω) ∼ ωd−1 [27, 29, 30].
In order to gauge the amount of localization the Hes-
sian eigenvectors exhibit we calculate the inverse partic-
ipation ratio
Y (ω) =
∑N
i |~ui(ω)|4
[
∑N
i |~ui(ω)|2]2
, (5)
This construction for the IPR has the property Y ∼ 1/N
for extended eigenvectors and Y ∼ 1 for localized eigen-
vectors [25, 26, 38–41]. In studies of amorphous jam-
ming [26] it has been found that for small frequencies
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FIG. 5. The distribution of vibrational frequencies (VDOS)
appear constant as ω → 0 for isostatic near-crystals and
clearly distinct from Debye D(ω) ∼ ωd−1 for all amounts of
order.
the IPR of maximally amorphous solids exhibits more
localization at ϕ higher than ϕJ while the smallest local-
ization can be seen near the jamming point. Our results,
Fig. 6, show that the more amorphised a near-crystal is
it exhibits less localization for small frequencies at the
jamming point in accordance with the behavior of amor-
phous packings [26]. However, for more ordered near-
crystals at the onset of rigidity a greater localization is
revealed in addition to the main, more delocalized, ma-
jority which itself displays a dimension-dependent scaling
with frequency, Fig. 6. In SM [32] Figs. S6,S7 we plot the
smallest- and largest-IPR normal mode for each polyis-
persity in d = 2, 3.
Near-Crystal Crystalline Properties: We quantify crys-
talline order with measures of translational and bond-
orientational order appropriately chosen for HEX and
FCC [29, 42, 43]. The translational order for both struc-
tures is measured by
QT =
1
N
∣∣∣∣∣
N∑
i=1
ei
~G·~ri
∣∣∣∣∣ (6)
where ~G is a reciprocal lattice vector and ~ri is the loca-
tion of particle i. The sum is over all N particles includ-
ing rattlers. We perform this sum for a total of d distinct
reciprocal lattice vectors and average the results. A com-
mon measure of the bond-orientational order for HEX in
d = 2 is
Q6 =
1
Nb
∣∣∣∣∣
Nb∑
i=1
ei6θi
∣∣∣∣∣ (7)
where θi is the angle the i-th bond makes with the x-axis
and Nb is the total number of distinct pairs of neighbors
FIG. 6. The inverse participation ratio as a function of
frequency for near-crystals at the isostatic jamming point.
For smaller frequencies and polydispersities the crystal pack-
ings exhibit increasing localization for a small fraction of
their normal modes. The main delocalized branch scales as
Y (ω) ∼ ω−0.1 for FCC, and is flat for HEX (continuous lines).
In Figs. S6,S7 we show the smallest and largest IPR normal
mode for each polyispersity and crystal.
in the packing even if they are not in contact including
rattlers.
In d = 3 a bond direction can be characterized by its
overlap with the spherical harmonic Y`m(θ, φ).
QY(`) =
 4pi
2`+ 1
∑`
m=−`
∣∣∣∣∣ 1Nb
Nb∑
i=1
Y`m(θi, φi)
∣∣∣∣∣
2
1/2 (8)
shown for FCC in Fig. S8 [42]. In the absence of any
polydispersity all measures of translational and bond-
orientational order match the corresponding crystal val-
ues. As polydispesity is increased all measures of order
decay parabolically with s [29],
Qx(s) ∼ Qx(0)(1− s2) (9)
where x = {T, 6,Y(`)}, see Figure 7 (bottom inset). In
Figure 7 (top inset) we show that the packing fraction at
jamming relates linearly with polydispersity
ϕJ(s) ∼ ϕcp(1− s) (10)
where ϕcp is the maximum packing fraction of the per-
fect crystal. Eqs. 9 and 10 taken together quantify the
amount of amorphisation and packing fraction of jammed
near-crystals up to a suspected amorphisation point,
sa >∼ 0.1, echoing the amorphisation point s′a ∼ 0.11
found above ϕcp [44]. Beyond sa the packings are in a
maximally amorphous phase [29, 40, 43] as is depicted
with global measures of order versus packing fraction
5in Fig. 7 and the spatially resolved pair distribution in
Fig. S9 in SM [32].
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FIG. 7. Order-packing fraction plots at jamming for min-
imally polydisperse near-crystals. The points from high to
low ϕJ, right-to-left, correspond to the polydispersities s =
0.0, 0.005, 0.01, 0.05, 0.1, 0.2. (top inset) Packing fraction at
jamming and, (bottom inset) bond-orientational and transla-
tional order, for HEX and FCC near-crystals scale linearly,
ϕJ(s) ∼ ϕcp(1− s), and parabolically, Qx(s) ∼ Qx(0)(1− s2),
with polydispersity s < sa. Symbols Qˆx(s) = Qx(s)/Qx(0)
for x = {T, 6,Y(`)} and ϕˆJ = ϕJ(s)/ϕcp.
Discussion and Conclusion: We have discovered
that single-species, highly-symmetric, maximum-packing
crystals, namely HEX in 2d and FCC in 3 dimensions,
can reach an isostatic jamming point for a wide range
of very small, numerically-achievable, amounts of poly-
dispersity, s >∼ 10−4. Some critical properties of isostatic
near-crystals, such as θext and the flat, non-Debye scaling
of VDOS, are the same as maximally amorphous pack-
ings for d ≥ 2 and the infinite-dimensional MFT. Others,
such as θ`oc, γ, and the low-frequency IPR are dependent
on polydispersity. Even though the jamming universality
of near-crystals shares some prominent features with the
jamming universality of maximally amorphous packings,
the two may belong to distinct classes since they appear
dissimilar in other defining aspects.
The packing fraction of the near-crystals at jamming
decays linearly with s below the maximum packing frac-
tion of the perfect crystal in both dimensions 2 and 3,
Eq. 10, signifying that the perfect crystal exists only at
the complete absence of frustration [29, 30]. Combining
Eq. 10 with the decay of amorphisation, Eq. 9, we arrive
at a parabolic relation of order versus jamming packing
fraction. This finding can be compared with the work on
the maximally random jammed state (MRJ) [3, 12, 13],
keeping in mind that different protocols were used and
that the MRJ is defined for an individual configuration
while the near-crystal results are ensemble-averaged and
presumably involve a structural amorphisation transi-
tion [29, 40, 43] at isotaticity. We are working on ac-
quiring more data to capture and characterize point sa
and will report on it in the near future.
Experiments on molecular [45–48] and colloidal [49]
ordered systems have shown that crystals with mini-
mal amounts or no apparent disorder can behave amor-
phously as depicted in the VDOS and the related heat
capacity and thermal conductivity scaling at low temper-
ature. Recently a theory with anharmonicity and dissipa-
tion was proposed to unify those findings with traditional
glassy physics [50]. Our work establishes that packings
at the onset of rigidity and high order, not only pos-
sess a non-Debye VDOS but also exhibit extended-force
statistics of the same universality as maximally amor-
phous packings and the related Gardner mean-field the-
ory. On the other hand we show that the localized re-
sponse of jammed near-crystals is more complicated than
their maximally amorphous counterparts. Thus it will
have to be investigated more thoroughly ([51]) in order
to be incorporated in a complete theory ([31]).
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8I. SUPPLEMENTARY MATERIAL
We define packing fraction commonly as
ϕ =
ΣNi=1vi
Πdα=1Lα
(11)
vi = Vd(σi/2)
d is the volume in d dimensions of particle
i, σi its diameter, and Lα the α-th side of the simulation
box. Vd =
pi
d
2
d
2Γ(
d
2 )
and Γ(x) the Gamma function.
The perfect HEX crystal in d = 2 packs maximally
(s = 0) at
ϕcp,HEX =
√
3pi
6
≈ 0.90690 (12)
while the FCC in d = 3 at zero polydispersity has
ϕcp,FCC =
pi
3
√
2
≈ 0.74048 (13)
The simulation box is commensurate with the perfect
crystal packing, i.e. for FCC Lx = Ly = Lz while for
HEX Lx =
√
3
2 Ly.
Polydispersity is introduced through the lognormal dis-
tribution. Starting from equal radii in the initial perfect
crystal we multiply each radius with a random number
drawn from the log-normal distribution with unit mean
and variance s2.
9s = 0.0 s = 0.005
s = 0.01 s = 0.05
s = 0.1 s = 0.2
FIG. S1. Visualization of a 2d HEX near-crystal of N = 256 particles at polydispersity s, isostatic for s > 0.0, hyperstatic
for s = 0.0. For very small polydispersity a near-crystalline packing can reach a jamming point as can be evidenced in the
disordered force network.
(top left) s = 0.0, ϕ ≈ 0.90690 ≈ ϕcp. The Nc = 768 forces are sketched to be all equal. There are no rattlers (Nr = 0).
(top right) s = 0.005, ϕ ≈ 0.90260 ≈ ϕiso ≈ 0.995ϕcp, Nc = 479 ≡ Nc,iso forces and, Nr = 16 rattlers (“lighter” particles).
(mid left) (Identical to Fig. 1) s = 0.01, ϕ ≈ 0.89801 ≈ ϕiso ≈ 0.990ϕcp, Nc = 473 ≡ Nc,iso forces and, Nr = 19 rattlers.
(mid right) s = 0.05, ϕ ≈ 0.86679 ≈ ϕiso ≈ 0.956ϕcp, Nc = 491 ≡ Nc,iso forces and, Nr = 10 rattlers.
(bottom left) s = 0.1, ϕ ≈ 0.84626 ≈ ϕiso ≈ 0.933ϕcp, Nc = 477 ≡ Nc,iso forces and, Nr = 17 rattlers.
(bottom right) s = 0.2, ϕ ≈ 0.84556 ≈ ϕiso ≈ 0.932ϕcp, Nc = 481 ≡ Nc,iso forces and, Nr = 15 rattlers.
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FIG. S2. Visualization of a 3d FCC near-crystal of N = 256 particles at various polydispersities s, isostatic for s > 0.0,
hyperstatic for s = 0.0. The colored scale bar indicates the relative patricle poyldispersity. (Rattles are shown but not
indicated separately.)
i) s = 0.0, ϕ ≈ 0.74048 ≈ ϕcp. Nc = 1536 contacts and, Nr = 0 rattlers.
ii) s = 0.005, ϕ ≈ 0.73116 ≈ ϕiso ≈ 0.987ϕcp. Nc = 703 ≡ Nc,iso contacts and, Nr = 21 rattlers.
iii) s = 0.01, ϕ ≈ 0.72157 ≈ ϕiso ≈ 0.974ϕcp. Nc = 703 ≡ Nc,iso contacts and, Nr = 21 rattlers.
iv) s = 0.05, ϕ ≈ 0.67176 ≈ ϕiso ≈ 0.907ϕcp. Nc = 724 ≡ Nc,iso contacts and, Nr = 14 rattlers.
v) s = 0.1, ϕ ≈ 0.64837 ≈ ϕiso ≈ 0.876ϕcp. Nc = 739 ≡ Nc,iso contacts and, Nr = 9 rattlers.
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FIG. S3. The distribution of the median-over-mean of the particle displacements, δ~r, of all dipolar floppy modes. The distinction
between extended and localized dipolar floppy modes was taken at a threshold of median{|δri|}/mean{|δri|} = 0.25 indicated by
the vertical dashed lines roughly signifying the collective minimum of these distributions. Small variation in the threshold does
not affect the results in Figs. 2, 3 significantly. If contact 〈ij〉 is infinitesimally opened with a dipolar force then a corresponding
floppy mode will appear in the jammed packing. The particle displacements will be given by the vector δ~r = H−1ST~τ where
~τ = δτ,〈ij〉 is a vector of a single 1 and the rest of the entries 0 indicating only contact 〈ij〉 was opened. H = STS is the
Hessian. All singular rows and columns of S are eliminated in this procedure.
FIG. S4. (left) Cumulative distribution of forces on non-buckler particles. For larger polydispersities they exhibit power-law
tails that align well with the mean-field exponent of 1 + θMFext = 1 + 0.42311. For smaller polydispersities the distributions have
not saturated to a power law in contrast with the extended forces based on the dipolar floppy modes separation, Fig. 2.
(right) Cumulative distribution of forces on buckler particles. For larger polydispersities they exhibit power-law tails that
align well with the mean-field exponent of 1 + θMF`oc = 1 + 0.17462. For smaller polydispersities they appear to follow power
laws with smaller exponents reminiscent of the scaling exhibited by the localized forces based on the dipolar floppy modes
characterization, Fig. 3. A buckler particle is a stable particle baring d+ 1 forces.
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FIG. S5. Distribution of inter-particle gaps, i.e. the distances between neighboring non-touching particles. The MFT value
of γMF = 0.41269 (continuous line) is approached by the distributions as polydispersity is increased. Same data as in the
cumulative distribution plot of Fig. 4.
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HEX  s = 0.2  0.0052  Y 0.0007 HEX  s = 0.2  0.0029  Y 0.029
HEX  s = 0.1  0.0033  Y 0.0006 HEX  s = 0.1  0.001  Y 0.0086
HEX  s = 0.05  0.0058  Y 0.0006 HEX  s = 0.05  0.0005  Y 0.0729
HEX  s = 0.01  0.0033  Y 0.0005 HEX  s = 0.01  0.0002  Y 0.4604
HEX  s = 0.005  0.0017  Y 0.0006 HEX  s = 0.005  0.0003  Y 0.4077
FIG. S6. Plot of one of the smallest- (left column) and largest- (right column) IPR normal modes of a jammed 2d HEX
near-crystal of N = 4096 particles for each polydispersity s. The frequency ω and the IPR Y are given (Fig. 6).
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FCC  s = 0.2  0.0066  Y 0.0016 FCC  s = 0.2  0.0012  Y 0.0592
FCC  s = 0.1  0.0055  Y 0.0013 FCC  s = 0.1  0.0007  Y 0.0731
FCC  s = 0.05  0.0011  Y 0.0017 FCC  s = 0.05  0.0004  Y 0.2051
FCC  s = 0.01  0.006  Y 0.0014 FCC  s = 0.01  0.0002  Y 0.3299
FCC  s = 0.005  0.0053  Y 0.0015 FCC  s = 0.005  0.0001  Y 0.9894
FIG. S7. Plot of one of the smallest- (left column) and largest- (right column) IPR normal modes of a jammed 3d FCC
near-crystal of N = 2048 particles for each polydispersity s. The frequency ω and the IPR Y are given (Fig. 6).
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FIG. S8. Bond orientational order for FCC, isostatic for polydispersities s = 0.005, 0.01, 0.05, 0.1, 0.2, hyperstatic for s =
0.0. The characteristic FCC profile weakens and eventually flattens out as polydispersity is increased towards maximum
amorphisation (Fig. 7).
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FIG. S9. Pair correlation function for near-crystals, (left) HEX and (right) FCC, isostatic for polydispersities s =
0.005, 0.01, 0.05, 0.1, 0.2, hyperstatic for s = 0.0. The sharp crystal peaks broaden and eventually the majority of them
disappear, except for the peak at first neighboring contact, as polydispersity is increased towards maximum amorphisation
(Fig. 7).
